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Prog. Lang. −→ QRel!

Type 7−→ formal variables set

Program 7−→ formal power series

Say the language is probabilistic. Then for Q = R+∞
≥0 we have

J⊢ M : BoolKi = P(M ↠ i)
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Prog. Lang. −→ QRel!

Type 7−→ formal variables set
A xJAK := {xa | a ∈ JAK}

Program 7−→ formal power series
x⃗ : A⃗ ⊢ M : B Jx⃗ : A⃗ ⊢ M : BK ∈ Q{{xJAK}}JBK
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Tropical mathematics in less than a nutshell

T := semiring [0,+∞] with
add := inf, zero := +∞,
multiply := +, one := 0

∑
n∈N

anx
n ∈ [0, 1]{{x}} 7→ inf

n∈N
{nx− ln an} ∈ T{{x}}

φ0(x) = 1

φ1(x) = min{x+ 1
2
, 1}

φ2(x) = min{2x+ 1
4
, x+ 1

2
, 1}

φ3(x) = min{3x+ 1
8
, 2x+ 1

4
, x+ 1

2
, 1}

φ4(x) = min{4x+ 1
16
, 3x+ 1

8
, 2x+ 1

4
, x+ 1

2
, 1}

...
φ(x) = infn

{
nx+ 1

2n

}
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Tropical mathematics in less than a nutshell

Intractable problems (e.g. root finding, optimization)

tropicalization:
+ 7→ min
× 7→ +

Combinatorial (and sometimes tractable!) ones
• tropical roots are found in linear time
• likelihood estimation in statistical models
• machine learning (ReLU networks)
• optimal routing paths
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λ-calculus +
⊢ M : A ⊢ N : A

⊢ M ⊕X N : A
+ Arithmetic + Conditionals +

⊢ M : A → A

⊢ fix.M : A

M ⊕X N
X
↠ M

M ⊕X N
X
↠ N

9 / 21



M :=
(
True⊕X False

)
⊕X

((
True⊕X False

)
⊕X

(
False⊕X True

))

Pll = X2

Prll = X2X

Prrr = X
3

ll rll rrr lr rlr rrl

X2 X2X X
3

XX XX
2

XX
2

R
↓
O

R True False
ll 1 0
rll 1 0
rrr 1 0
lr 0 1
rlr 0 1
rrl 0 1

Hidden Markov Model

Maximum A Posteriori Estimation:
For fixed X,X, given the
observation “M ↠ True”,
which is its most likely explanation?

→ find a reduction ω0 maximizing P(R = ω0 | O = True):

P(R = ω0) = max{X2, X2X,X
3}

Maximum likelihood estimation:
Given the observation “M ↠ True”,
which value of X,X makes the
explanation rll as likely as possible?

argmax
X,X

X2X

P(M ↠ True)
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M := fix.(λx. ⋆⊕Xx) ↠ ⋆⊕X M

M ↠X ⋆ X

M ↠X M ↠X ⋆ XX

M ↠X M ↠X M ↠X ⋆ XX
2

. . .

Hidden Markov Model

Maximum A Posteriori Estimation:
given the observation “M terminates”,
which is its most likely explanation?

0 1 2 3 . . .

X XX XX
2

XX
3

. . .

R
↓
O

R ⋆
0 1
1 1
2 1
3 1
...

...

argmax
i

XX
i
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F := λfy.ifte(Oy, ⋆, f(Ny))

Mi := (fix.F )(N iD) ↠ ifte(O(N iD), ⋆, Mi+1)

Hidden Markov Model

Maximum A Posteriori Estimation:
given the observation “M0 terminates”,
which is its most likely explanation?

P(R = 1) = P(OD = 0)

P(R = i+ 1) = P(O(N iD) = 0)
∏i−1

j=0 P(O(N jD) ̸= 0)

R
↓
O

R ⋆
0 1
1 1
2 1
3 1
...

...

argmax
i≥1

P(R = i)
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Tropically weighted relational semantics of
probabilistic λ-calculi is a natural framework to study

statistical inference of Probabilistic Models.
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The tropical collapse

M := fix.(λx. ⋆⊕Xx) ↠ ⋆⊕X M

M ↠X ⋆ X

M ↠X M ↠X ⋆ XX

M ↠X M ↠X M ↠X ⋆ XX
2

. . .

M ↠X ⋆ p

M ↠X M ↠X ⋆ pq

M ↠X M ↠X M ↠X ⋆ pq2

. . .

M ↠X ⋆ x

M ↠X M ↠X ⋆ x+ y

M ↠X M ↠X M ↠X ⋆ x+ 2y

. . .

M ↠X ⋆ x

M ↠X M ↠X ⋆ x+ y

M ↠X M ↠X M ↠X ⋆ x+ 2y

. . .

P(M ↓) =
∑

n∈N XX
nP(M ↓)!(X := p,X := q := 1− p) =

∑
n∈N pq

n = p
1−q

= 1JMK!(p, 1− p) = P(M ↓)!(X := p,X := 1− p) = p
1−q

= 1

tP(M ↓) = infn∈N{X + nX}.tP(M ↓)!(X := x,X := y) = infn∈N{x+ ny} = x.
t!JMK(− ln p,− ln(1− p)) = tP(M ↓)!(X := − ln p,X := − ln(1− p))

= infn∈N{− ln p− n ln(1− p)} = − ln p

= − ln
(

sup
ω:M↠⋆

ω
)
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The tropical collapse

Theorem
For all terms M : Booln → unit there exists an all-one formal polynomial
p ∈ T{X} such that

t!JMK = p!

The tropical degree dM of M is the minimum degree of such polynomials p.

Theorem
Finding the tropical degree dM for a term M : Bool is Π0

1-hard.

Reduction from “knowing if a generic term N : unit is normalisable” to
“computation of a generic dM ”.
Given N , take X1 ̸= X2 /∈ N and

M := ⋆⊕X1
(N ⊕X2

(fix.I)).

N normalisable ⇒ JMK = X1 +X1X2µ+ · · · ⇒ dM ≥ 2.
N not normalisable ⇒ JMK = X1 ⇒ dM = 1.
So

dM = 1 ⇔ N not normalisable.
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The tropical collapse

Theorem
Let k ∈ N and {sn | n ∈ Nk} ⊆ N ∪ {+∞}. Then there exists a finite set
P ⊆ Nk such that, for all x ∈ Tn,

inf
n∈Nk

{nx+ sn} = min
n∈P

{nx+ sn}.

P := {n ∈ Nk | sn < +∞ and for all m ≺ n one has sm > sn}.
P infinite ⇒ ∃m0 ≺ m1 ≺ · · · ⊆ P ⇒ ∃ sm0

> sm1
> · · · ⊆ N. So P finite.

Wlog P ̸= ∅. Now by induction on ≺, show that ∀n ∈ Nk, ∃m ∈ P such that

sm +mx ≤ sn + nx.

n = 0: Wlog n /∈ P . So sn = +∞. So any m ∈ P ̸= ∅ works.
n ̸= 0: Wlog n /∈ P . So two cases: either sn = +∞, done as before.
Or there is n′ ≺ n such that sn′ ≤ sn. So:

sn′ + n′x ≤ sn + n′x < sn + (n− n′)x+ n′x = sn + nx.

Wlog n′ /∈ P . IH ⇒ ∃m ∈ P such that sm +mx ≤ sn′ + n′x. So m works.
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> · · · ⊆ N. So P finite.

Wlog P ̸= ∅. Now by induction on ≺, show that ∀n ∈ Nk, ∃m ∈ P such that

sm +mx ≤ sn + nx.

n = 0: Wlog n /∈ P . So sn = +∞. So any m ∈ P ̸= ∅ works.
n ̸= 0: Wlog n /∈ P . So two cases: either sn = +∞, done as before.
Or there is n′ ≺ n such that sn′ ≤ sn. So:

sn′ + n′x ≤ sn + n′x < sn + (n− n′)x+ n′x = sn + nx.

Wlog n′ /∈ P .

IH ⇒ ∃m ∈ P such that sm +mx ≤ sn′ + n′x. So m works.
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Differential privacy in less than a nutshell

Fix a set X of records and let db :=!X the set of databases.
Endow db with the ℓ1-metric: ∥x− x′∥1 :=

∑
i∈X |xi − x′

i|.

Fix D(Y ) ⊆ [0, 1]Y the set of probability mass functions.

Definition
A function f : db → D(Y ) is ϵ-DP when f(x)y ≤ eϵ·∥x−x′∥1 · f(x′)y.

Endow D(Y ) with the privacy loss metric:

dPL(µ, ν) = sup
y∈Y

∣∣∣∣ln(µy

νy

)∣∣∣∣ = sup
y∈Y

|− lnµy + ln νy| .

Remark
f : db → D(Y ) is ϵ-DP ⇐⇒ f is ϵ-Lipschitz wrt ℓ1 and dPL.

Ideally
Let M : Booln → Bool and f : db → D({0, 1}).

f is ϵ-DP =⇒ Jf ;MK is ϵ(dM + 2)-DP
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Geometry

We want: algorithm to estimate dM

How we want it: Compositional

→ Phrase it as a labelled n.-i. intersection type system

M : ⟨Γi ⊢pi ai ⟩i∈I

where a ::= n ∈ N | [a, . . . , a] ⊸ a and p ∈ T{X1, . . . , Xn}

M : ⟨Γ ⊢p a ⟩ N : ⟨∆ ⊢q b ⟩

M ⊕X N : merge
〈
Γ ⊢X·p a , ∆ ⊢X·q b

〉
Theorem
Let ⊢ M : Bool. Then

M : ⟨Γ ⊢p n ⟩ =⇒ t!JMK ≤ p!

and there is one with t!JMK = p! and deg p = dM .
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Geometry

Problem: need to compute the tropical product Πipi and minimise it

Solution: Polytopes!

Tropical polynomial function ⇔ Newton Polytope ⇔ Tropical variety

Newton(pq) = Newton(p) + Newton(q)
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Geometry

Problem: Newton(p) is for
p ∈ [−∞,+∞){X}. We
work on T = [0,+∞]

Solution: Restrict Newton(p) to a
sub-Polytope which is “minimal”

At a certain point we need an
obvious property of the “visibility
relation” of a facet from a point...

Merci & Grazie!
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