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MLL−

A ::= X | A⊗A | A`A
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Introduction

MLL
A ::= X | 1 | ⊥ | A⊗A | A`A
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Introduction

MLL
A ::= X | 1 | ⊥ | A⊗A | A`A

↭ ACC + jumps
ACyclicity + Connectivity

(Girard, common knowledge...)
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Introduction

MLL + mix
A ::= X | 1 | ⊥ | A⊗A | A`A

↭ AC
ACyclicity

(Fleury and Retoré, 1994)
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Introduction

MLL
A ::= X | 1 | ⊥ | A⊗A | A`A

↭ AC . . .
ACyclicity + ?????

(Fleury and Retoré, 1994)
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Introduction

ACC♯w
ACyclicity and ♯cc = ♯w + 1

Where ♯cc is the number of connected components,
♯w is the number of ⊥ nodes.

(·)∗ :

.... π
⊢ Γ

⊥
⊢ Γ ,⊥
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••
Γ
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Introduction

`

�

•

1 1

1`1 ⊥

(1`1)⊗⊥

1 1

⊥

An incorrect proof-structure of MLL satisfying ACC♯w

(Regnier, 1992)
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Introduction

In COMLL (constant-only MLL)
provability is NP-complete

(Lincoln and Winkler, 1994)

⇓

No feasible correctness criterion for MLL
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Introduction

Reverse the point of view!
What is the logical meaning of connectivity?

1 How is connectivity related to the correctness criteria
that are specific to some fragments of linear logic?

2 Are there interesting fragments for which ACC♯w is a
correctness criterion?
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Proof-nets

Multiplicatives and exponentials

Formulae of MELL:

A ::= X | 1 | ⊥ | A⊗A | A`A | !A | ?A

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 11



Proof-nets

Proof-structures of MELL

Graph made up of the following building blocks:

A A⊥

ax
A A⊥

cut 1

1

⊥

⊥ A

•

A⊗B

BA

�

A`B

BA

`
!A

!

?Γ ?A

A

?d

?A

?A?A

?

. . .
⩾0

And equipped with a function mapping every ! node to a
proof-structure of MELL with the same conclusions (box).

Cut elimination ≈ graph rewriting.
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Proof-nets

From sequent calculus to proof-structures

π sequent calculus proof 7→ π∗ proof-structure

A proof-structure R is correct if there exists
a sequent calculus proof π such that R = π∗.
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Proof-nets

Switchings

For every ` or ? node with at least two premises:

l ⇝ l

(Danos and Regnier, 1989)

AC = every switching graph is acyclic.
(and every box satisfies AC)

(Danos and Regnier, 1989)

ACC = AC and every switching graph is connected.
(and every box satisfies ACC)
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Proof-nets

Extending ACC in the presence of the units

(Regnier, 1992)

ACC♯w = AC and ♯cc = ♯w + 1 in every switching graph.
(and every box satisfies ACC♯w)

Where ♯cc is the number of connected components,
♯w is the number of nodes ⊥ or weakening.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 15



Proof-nets

Almost a correctness criterion

Theorem. Let R,R ′ be proof-structures with R → R ′.
If R satisfies ACC♯w, then R ′ satisfies ACC♯w.
(Common knowledge – Di Donna and Tortora de Falco, preprint)

Proposition. Let R be a proof-structure of MELL.
If R is correct, then R satisfies ACC♯w.
(Obvious)

But the converse is false in general:
(Regnier, 1992)

`

�

•

1 1

1`1 ⊥

(1`1)⊗⊥

1 1

⊥
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A generalized polarization

Reminder: the classical polarization

Fragment LLpol of MELL:
(Girard, 1991 – Laurent, 1999)

P ::= X | 1 | P ⊗ P | !N (positives)
N ::= X⊥ | ⊥ | N`N | ?P (negatives)

2� Has a simple correctness criterion;
2� Contains the call-by-name λ-calculus;
2 Contains the call-by-value λ-calculus.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 17



A generalized polarization

Reminder: the intuitionistic polarization

Fragment IMELL of MELL:
(Danos, 1990 – Regnier, 1992 – Lamarche, 2008)

O ::= X | 1 | O⊗O | O` I | I`O | !O (outputs)
I ::= X⊥ | ⊥ | I` I | I⊗O | O⊗ I | ?I (inputs)

2 Has a simple correctness criterion;
2� Contains the call-by-name λ-calculus;
2� Contains the call-by-value λ-calculus.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 18



A generalized polarization

A new unifying setting

Fragment PMELL of MELL:
(Di Donna, Guerrieri and Tortora de Falco, technical report)

O ::= X | 1 | O⊗O | O` I | I`O | !O | !I (outputs)
I ::= X⊥ | ⊥ | I` I | I⊗O | O⊗ I | ?I | ?O (inputs)

Remark. Both LLpol and IMELL are fragments of PMELL.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 19



A generalized polarization

Venn diagram of the fragments

MELL

PMELL

IMELL

LLpol

1`1

!!X

1 ?!X

?!!X

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 20



A generalized polarization

ACC♯w in PMELL and in IMELL

Let R be a proof-structure of PMELL. If R satisfies AC:

♯cc = ♯w + 1 (i.e. ACC♯w) if and only if ♯dc + ♯o = 1

Where ♯dc is the number of ?d nodes with output premise;
♯o is the number of output conclusions.

(Di Donna, Guerrieri and Tortora de Falco, technical report)

In IMELL: the premise of every ?d node is input
⇝ ACC♯w equivalent to AC plus ♯o = 1

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 21
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A generalized polarization

ACC♯w alone does not characterize correctness in IMELL

Every correct proof-structure of IMELL satisfies ACC♯w.
(This holds more generally for proof-structures of MELL.)

The converse is false: here is a proof-structure of IMELL
(and thus of PMELL) satisfying ACC♯w but not correct:

`

�

•

1

X⊥`1 ⊥

(X⊥`1)⊗⊥

1

⊥

X⊥

ax

X

•

(Regnier’s counterexample adapted to IMELL)
Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 22



A generalized polarization

Two geometric restrictions

In untyped MELL:

�

⊥

⊥

(Di Donna and
Tortora de Falco,

preprint)

In PMELL:
`

�

O

(Di Donna, Guerrieri
and Tortora de Falco,

technical report)

Theorem
Under any one of these restrictions,

ACC♯w becomes a correctness criterion.
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A generalized polarization

Another characterization of ACC♯w

Theorem
In PMELL with this restriction:

`

�

O

ACC♯w is equivalent to the directed acyclicity of
one graph, plus the requirement ♯dc + ♯o = 1

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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A generalized polarization

ACC♯w in LLpol

Every proof-structure of LLpol satisfies
the geometric restriction. Thus:

Corollary
In LLpol , the property ACC♯w is:

• A correctness criterion;
• Equivalent to the criterion in (Laurent, 1999).

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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A generalized polarization

The (new) value fragment

Fragment VMELL of PMELL:
(Di Donna, Guerrieri and Tortora de Falco, technical report)

P ::= X | 1 | P ⊗ P | !O | !N (positives)
O ::= P | O`N | N`O (outputs)
N ::= X⊥ | ⊥ | N`N | ?I | ?P (negatives)
I ::= N | I⊗ P | P ⊗ I (inputs)

Remark. VMELL contains LLpol and the counterpart in
MELL of the half-polarized typing system for CBPV.
(Ehrhard, 2016 – Ehrhard and Tasson, 2019)
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A generalized polarization

Updated Venn diagram

MELL

PMELL

IMELL VMELL

LLpol

1`1

!(1⊗⊥)

(1`⊥)⊗⊥

!!X

1 ?!X

?!!X
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A generalized polarization

Correctness criterion

Every multiplicative normal proof-structure of VMELL
satisfies the geometric restriction. Thus:

Corollary
For the multiplicative normal proof-structures

of VMELL, the property ACC♯w is:

• A correctness criterion;
• Equivalent to the directed acyclicity of one

graph, plus the requirement ♯dc + ♯o = 1.

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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A generalized polarization

Comparison table

Expressivity ACC♯w

correctness
criterion

λ-calculus Bang
calculus

LLpol IMELL
CBN CBV

LLpol 2� 4 4 2� 4 2�

IMELL 2� 2� 2� 4 2� 4

PMELL 2� 2� 2� 2� 2� 4

VMELL 2� 2� 2� 2� 2� (emb.) 2� (m. norm.)

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 29
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Connectivity and the bang calculus

The bang calculus (Ehrhard and Guerrieri, 2016)

Syntax:

t ::= x | λx t | ⟨t⟩t | der t | t!

Dynamics:

⟨λxt⟩s! →ℓ t{s/x}

der t! →d t

We define →b := →ℓ ∪→d.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 30



Connectivity and the bang calculus

The bang calculus (Ehrhard and Guerrieri, 2016)

Syntax:

t ::= x | λx t | ⟨t⟩t | der t | t!

Dynamics:

⟨λxt⟩s! →ℓ t{s/x}

der t! →d t

We define →b := →ℓ ∪→d.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 30



Connectivity and the bang calculus

The bang fragment

Fragment !MELL of VMELL and IMELL:
(Di Donna, Guerrieri and Tortora de Falco, technical report)

O ::= X | ?I`O | !O (outputs)
I ::= X⊥ | !O⊗ I | ?I (inputs)

We define !O⊸ O ′ := ?O⊥ `O ′.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 31
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Connectivity and the bang calculus

Church-style typing

Abstractions are annotated: λx!Ot

We define a partial typing function tb mapping (Γ , t), with
Γ = x1 : !O1, . . . , xk : !Ok, to an output formula:

• tb(Γ , xi) := Oi;
• tb(Γ , λx!Ot) := !O⊸ tb((Γ , x : !O), t);
• tb(Γ , ⟨t⟩s) := O if tb(Γ , t) = tb(Γ , s)⊸ O;
• tb(Γ , der t) := O if tb(Γ , t) = !O;
• tb(Γ , t!) := !tb(Γ , t).

A term t is typed in the context Γ if (Γ , t) ∈ dom(tb).
Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 32



Connectivity and the bang calculus

Girard’s translations
Translations (·)N and (·)V of simple types into !MELL:

XN := X (T ⇒ S)N := !T N ⊸ SN

XV := X (T ⇒ S)V := !T V ⊸ !SV

(Girard, 1987)

Translations (·)n and (·)v of λ-terms into the bang calculus:
xn := x (λxM)n := λxMn ((M)N)n := ⟨Mn⟩(Nn)!

xv := x! (λxM)v := (λxMv)! ((M)N)v := ⟨derMv⟩Nv

(Guerrieri and Manzonetto, 2018)

If tλ denotes the Church-style typing function for the λ-calculus:
tb(!Γ N,Mn) = (tλ(Γ ,M))N tb(!Γ V,Mv) = !(tλ(Γ ,M))V

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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Connectivity and the bang calculus

Back to proof-nets

Proof-net = proof-structure of !MELL + ACC♯w.

Bang proof-net = proof-net + every input premise
of a `/?/• node is a conclusion of a !/?d/? node
+ input conclusions labeled by distinct variables.

We define by induction a function (·)◦ mapping every
(Γ , t) ∈ dom(tb), with Γ = x1 : !O1, . . . , xk : !Ok,

to a bang proof-net (Γ , t)◦.
(Di Donna, Guerrieri and Tortora de Falco, technical report)
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Connectivity and the bang calculus

Translation into proof-nets: variable

?O⊥
k

•
?O⊥

1

•
. . .

? ?

x1 xk x

?O⊥

O⊥ O

ax

?d

•

•

((Γ , x : !O), x)◦.
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Connectivity and the bang calculus

Translation into proof-nets: abstraction

((Γ ,x : !O),s)◦

?O⊥ O0

`
?O⊥`O0

•

•
Γ

x

(Γ , λx!Os)◦.
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Connectivity and the bang calculus

Translation into proof-nets: application

(Γ , t1)◦

?O⊥
1 ?O⊥

k

. . .

(Γ , t2)◦

?O⊥
1 ?O⊥

k

ax

O0O⊥
0

�

O

cut

!O⊗O⊥
0O⊥`O0

•

? ?

• •
?O⊥

1 ?O⊥
k

. . .

. . .

x1 xk

(Γ , ⟨t1⟩t2)
◦ is the axiom normal form of this proof-net.
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Connectivity and the bang calculus

Translation into proof-nets: dereliction

cut

!O ?O⊥

(Γ ,s)◦

•
Γ

O⊥ O

ax

?d •

(Γ , der s)◦ is the axiom normal form of this proof-net.
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Connectivity and the bang calculus

Translation into proof-nets: bang

!

!O

(Γ ,s)◦

O

••

Γ

(Γ , s!)◦.
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Connectivity and the bang calculus

Factorization

λ-calculus

Proof-nets

Call-by-name

(T ⇒ S)N := !TN ⊸ SN

Call-by-value

(T ⇒ S)V := !TV ⊸ !SV

Bang calculus

n v

◦
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Connectivity and the bang calculus

Simulation

Cut elimination in proof-nets simulates bang reduction:

Theorem

For every (Γ , t), (Γ , s) ∈ dom(tb),
if t →b s, then (Γ , t)◦ →∗ (Γ , s)◦.

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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Connectivity and the bang calculus

Characterization of the bang calculus

Let (Γ , t)• be the multiplicative normal form of (Γ , t)◦.

Theorem
Let R be a multiplicative normal bang proof-net
with input conclusions of types ?O⊥

1 , . . . , ?O⊥
k

and labelled by x1, . . . , xk respectively. Then
there exists a term t such that R = (Γ , t)•,

where Γ := x1 : !O1, . . . , xk : !Ok.

(Di Donna, Guerrieri and Tortora de Falco, sketch of proof)
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Thank you for your attention!
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Extra material

A simplified intuitionistic setting

Fragment ICOMLL of IMELL:

O ::= 1 | O⊗O | O` I | I`O

I ::= ⊥ | I` I | I⊗O | O⊗ I

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 46



Extra material

Correctness in ICOMLL

Theorem. Let R be a cut-free proof-structure of ICOMLL
with no ax node. If R satisfies ACC♯w, then R is correct.
(Di Donna and Tortora de Falco, preprint)

Corollary. A sequent of ICOMLL is provable if and only if
it has exactly one output formula.

Thus, provability in ICOMLL is decidable in linear time.

In COMLL, provability is NP-complete.
(Lincoln and Winkler, 1994)
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Canonical jumps in ICOMLL

•

1

⊥⊗1⊥`(1⊗1)

O

⊥

`

�

⊥ 1

`

⊥

⊥

11

�

1

1⊗1

1

⊥

•
⊥

n1

n2 n3

m

m⊗
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Why ICOMLL?

ax node fixed jump

A A⊥

ax

1

1 ⊥

⊥

proof-structure of IMLL proof-structure of ICOMLL
with a partial jump function

We found a solution to the base case (no fixed jumps).

Beyond that: work in progress.
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Extra material

Cut elimination: axiom and multiplicatives

n ′
cut

ax n

n ′

n

7→ax
cut

⊥1
empty7→1/⊥

n2n1

� `
n4n3

cut

n2n1 n4n3

cut cut7→⊗/̀
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Extra material

Cut elimination: dereliction and commutation

!

cut

?d

n

cut

n

R1
R1

7→!/?d

!

cut
!

!

cut
!

R1

R1

R2

R2

7→!/!

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 51



Extra material

Cut elimination: why not

. . .
!

cutn ′
1 n ′

h

?

n1 nk
. . .

. . .

!

cut

n ′
1 n ′

h

n1
. . .

!

cut

nk

? ?

. . . . . .

R1 R1 R1

7→!/?
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? reduction

?

?

?7→fl ?

n n

n ′ n ′

7→er

?
! ?

!
. . . . . .

7→pu
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Necessity of multiplicative normality

A bang proof-net that is not (Γ , t)◦ for any (Γ , t):

cut

` �

ax

ax ax ?

?X⊥ !X

?X⊥`!X !X⊗?X⊥

!X ?X⊥?X⊥

X

•

?X⊥

?d

X⊥

?d

??X⊥

•

?d

??X⊥

•x y

No contradiction with the previous theorem:
this proof-structure is not multiplicative normal.
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Extra material

Example of simulation

var
!Γ , x : !X ⊢ c : Y

λ

!Γ ⊢ λx c : !X⊸ Y

...
!Γ ⊢ ⟨λyy⟩a! : X

!
!Γ ⊢ (⟨λyy⟩a!)! : !X

app
!Γ ⊢ ⟨λx c⟩(⟨λyy⟩a!)! : Y

7→b var
!Γ , x : !X ⊢ c : Y

?X⊥

•

Y⊥ Y

ax

?d

?Y⊥

a

X

!

!X?Y⊥

?X⊥

?

c

?

?Y⊥

•

(⟨λyy⟩a!)◦

Y⊥ Y

ax

•`
?X⊥`Y

�

!X⊗Y⊥

cut

cut

cut

•

c•

?

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 55



Extra material

Example of simulation

var
!Γ , x : !X ⊢ c : Y

λ

!Γ ⊢ λx c : !X⊸ Y

...
!Γ ⊢ ⟨λyy⟩a! : X

!
!Γ ⊢ (⟨λyy⟩a!)! : !X

app
!Γ ⊢ ⟨λx c⟩(⟨λyy⟩a!)! : Y

7→b var
!Γ , x : !X ⊢ c : Y

?X⊥

•

Y⊥ Y

ax

?d

?Y⊥

a

X

!

!X?Y⊥

?X⊥

?

c

?

?Y⊥

•

(⟨λyy⟩a!)◦

Y⊥ Y

ax

•

`
?X⊥`Y

�

!X⊗Y⊥

cut

cut

cut

•

c•

?

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 55



Extra material

Example of simulation

var
!Γ , x : !X ⊢ c : Y

λ

!Γ ⊢ λx c : !X⊸ Y

...
!Γ ⊢ ⟨λyy⟩a! : X

!
!Γ ⊢ (⟨λyy⟩a!)! : !X

app
!Γ ⊢ ⟨λx c⟩(⟨λyy⟩a!)! : Y

7→b var
!Γ , x : !X ⊢ c : Y

?X⊥

•

Y⊥ Y

ax

?d

?Y⊥

a

X

!

!X?Y⊥

?X⊥

?

c

?

?Y⊥

•

(⟨λyy⟩a!)◦

Y⊥ Y

ax

•`
?X⊥`Y

�

!X⊗Y⊥

cut

cut

cut

•

c•

?

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 55



Extra material

Example of simulation

var
!Γ , x : !X ⊢ c : Y

λ

!Γ ⊢ λx c : !X⊸ Y

...
!Γ ⊢ ⟨λyy⟩a! : X

!
!Γ ⊢ (⟨λyy⟩a!)! : !X

app
!Γ ⊢ ⟨λx c⟩(⟨λyy⟩a!)! : Y

7→b var
!Γ , x : !X ⊢ c : Y

?X⊥

•

Y⊥ Y

ax

?d

?Y⊥

a

X

!

!X?Y⊥

?X⊥

?

c

?

?Y⊥

•

(⟨λyy⟩a!)◦

Y⊥ Y

ax

•`
?X⊥`Y

�

!X⊗Y⊥

cutcut

cut

•

c•

?

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 55



Extra material

The λ-calculus

M ::= v | (M)M (terms)
v ::= x | λxM (values)

Call-by-name: (λxM)N 7→β M{N/x}

Call-by-value: (λxM)v 7→βv M{v/x}

(Plotkin, 1975)

For r ∈ {β,βv}, we write →r
for the contextual closure of 7→r.
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Extra material

Discarding a resource

Call-by-name
We can discard the argument without evaluating it first:

(λx c)(λyy)a 7→β c

Call-by-value
Only values can be discarded.

We have to evaluate the argument first:
(λx c)(λyy)a →βv (λx c)a

7→βv c
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Extra material

Duplicating a resource

Call-by-name
We can duplicate the argument without evaluating it first:

(λx ((f)x)x)(λyy)a 7→β ((f)(λyy)a)(λyy)a

→βv ((f)a)(λyy)a

→βv ((f)a)a

Call-by-value
Only values can be duplicated.

We have to evaluate the argument first:
(λx ((f)x)x)(λyy)a →βv (λx ((f)x)x)a

7→βv ((f)a)a
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Extra material

Call-by-name λ-calculus → bang calculus: translation

((λx c)(λyy)a)n = ⟨(λx c)n⟩(((λyy)a)n)!

= ⟨λx cn⟩(((λyy)a)n)!

= ⟨λx c⟩(((λyy)a)n)!

= ⟨λx c⟩(⟨(λyy)n⟩(an)!)!

= ⟨λx c⟩(⟨λyyn⟩(an)!)!

= ⟨λx c⟩(⟨λyy⟩(an)!)!

= ⟨λx c⟩(⟨λyy⟩a!)!
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Extra material

Call-by-name λ-calculus → bang calculus: simulation

The call-by-name reduction step:

(λx c)(λyy)a 7→β c

is simulated by the bang reduction step:

⟨λx c⟩(⟨λyy⟩a!)! 7→b c
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Extra material

Call-by-value λ-calculus → bang calculus: translation

((λx c)(λyy)a)v = ⟨der(λx c)v⟩((λyy)a)v

= ⟨der(λx cv)!⟩((λyy)a)v

= ⟨der(λx c!)!⟩((λyy)a)v

= ⟨der(λx c!)!⟩⟨der(λyy)v⟩av

= ⟨der(λx c!)!⟩⟨der(λyyv)!⟩av

= ⟨der(λx c!)!⟩⟨der(λyy!)!⟩av

= ⟨der(λx c!)!⟩⟨der(λyy!)!⟩a!
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Extra material

Call-by-value λ-calculus → bang calculus: simulation

Bang reduction simulates call-by-value reduction:

(λx c)(λyy)a →βv (λx c)a

7→βv c

⟨der(λx c!)!⟩⟨der(λyy!)!⟩a! →b ⟨der(λx c!)!⟩⟨λyy!⟩a!

→b ⟨der(λx c!)!⟩a!

→b ⟨λx c!⟩a!

7→b c
!
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