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Introduction

MLL e~ ACC 4+ jumps

A=X|1|LIAQA|ATZA ACyclicity + Connectivity

(Girard, common knowledge...)
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Introduction

MLL + o AC

A=X|1|LIAQA|ATZA ACyclicity

(Fleury and Retoré, 1994)
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MLL o AC...

A=X|1|LIAQA|ATRA ACyclicity 4+ 77777



Introduction

ACyclicity and ficc = fw + 1

Where ficc is the number of connected components,
fiw is the number of | nodes.

S = ??
I 1
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An incorrect proof-structure of MLL satisfying

(Regnier, 1992)
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In COMLL (constant-only MLL)
provability is NP-complete

(Lincoln and Winkler, 1994)
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No feasible correctness criterion for MLL
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Introduction

Reverse the point of view!

What is the logical meaning of ?

® How is connectivity related to the correctness criteria
that are specific to some fragments of linear logic?

® Are there interesting fragments for which ACCy,, is a
correctness criterion?
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Proof-nets

Multiplicatives and exponentials

Formulae of MELL:

A=X|1|LIAQA|ATA|IA]|?A
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Proof-nets

Proof-structures of MELL

made up of the following building blocks:

L? 7]

A At 1 1
A B A B A A TA
ot
AQB AZ®B T 1A 7A 7A
And equipped with a mapping every | node to a

proof-structure of MELL with the same conclusions (box).
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Proof-nets

Proof-structures of MELL

made up of the following building blocks:

L? 7]

A At 1 1
A B A B A A TA
ot
AQB AZ®B T 1A 7A 7A
And equipped with a mapping every | node to a

proof-structure of MELL with the same conclusions (box).
~ graph rewriting.
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Proof-nets

From sequent calculus to proof-structures

7t sequent calculus proof +— 7" proof-structure

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 13



Proof-nets

From sequent calculus to proof-structures

7t sequent calculus proof +— 7" proof-structure

A proof-structure R is if there exists
a sequent calculus proof 7t such that R = 7t*.
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Proof-nets

Switchings

For every % or 7 node with at least two premises:

\o/ K
¥ ¥
(Danos and Regnier, 1989)

= every switching graph is
(and every box satisfies AC)
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Proof-nets

Switchings

For every % or 7 node with at least two premises:

\o/ K
¥ ¥
(Danos and Regnier, 1989)

= every switching graph is
(and every box satisfies AC)

(Danos and Regnier, 1989)

ACC = and every switching graph is connected.
(and every box satisfies ACC)
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Proof-nets

Extending ACC in the presence of the units

(Regnier, 1992)
= and ficc = fw + 1 in every switching graph.
(and every box satisfies ACCy,, )

Where ficc is the number of connected components,
fw is the number of nodes | or weakening.
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Proof-nets

Almost a correctness criterion

Theorem. Let R, R’ be proof-structures with R — R’.
If R satisfies ACC,,,, then R’ satisfies ACCy,.

(Common knowledge — Di Donna and Tortora de Falco, preprint)
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Proof-nets

Almost a correctness criterion

Theorem. Let R, R’ be proof-structures with R — R’.
If R satisfies ACC,,,, then R’ satisfies ACCy,.

(Common knowledge — Di Donna and Tortora de Falco, preprint)

Proposition. Let R be a proof-structure of MELL.
If R is . then R satisfies
(Obvious)

(Regnier, 1992)

1 1
But the converse is false in general:
N
171 L

8/
(171)®L

{
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A generalized polarization

Reminder: the classical polarization

Fragment of MELL:
(Girard, 1991 — Laurent, 1999)

P:=X|1|P®P]|IN (positives)
No=Xt| LIN®N|?P (negatives)
I Has a simple correctness criterion;

I Contains the call-by-name A-calculus;
O

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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A generalized polarization

Reminder: the intuitionistic polarization

Fragment of MELL.:
(Danos, 1990 — Regnier, 1992 — Lamarche, 2008)

O:=X[1]O®0|O0ORI|IHO|!O (outputs)
[:=X' | L|IBI|I®O0|0®I]|7I (inputs)
O

I Contains the call-by-name A-calculus;

Z1 Contains the call-by-value A-calculus.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 18



A generalized polarization

A new unifying setting

Fragment of MELL:

(Di Donna, Guerrieri and Tortora de Falco, technical report)

=X[1]0OO0|0ORI|IBO|IO|!T (outputs)
[:=X"|L|IBI|I®O0|0®I|?1|?20 (inputs)

Remark. Both LL,, and IMELL are fragments of PMELL.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 19



A generalized polarization

Venn diagram of the fragments

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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A generalized polarization

ACC;, in PMELL and in IMELL

Let R be a proof-structure of . If R satisfies
fcc =fw+ 1 (i.e. ) if and only if fd. +fo=1

Where fid. is the number of 7d nodes with output premise;
fo is the number of output conclusions.

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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A generalized polarization

ACC;, in PMELL and in IMELL

Let R be a proof-structure of . If R satisfies
fcc =fw+ 1 (i.e. ) if and only if fd. +fo=1

Where fid. is the number of 7d nodes with output premise;
fo is the number of output conclusions.

(Di Donna, Guerrieri and Tortora de Falco, technical report)

In IMELL: the premise of every 7d node is input
~ equivalent to plus fo =1
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A generalized polarization

ACC,,, alone does not characterize correctness in IMELL

Every proof-structure of IMELL satisfies
(This holds more generally for proof-structures of MELL.)

The converse is false: here is a proof-structure of IMELL
(and thus of ) satisfying but not correct:

A
l

B/
Xt®m1 L

R/
(X+31)® L

s
(Regnier's counterexample adapted to IMELL)
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A generalized polarization

Two geometric restrictions

In untyped MELL: In

¥

(Di Donna and (Di Donna, Guerrieri
Tortora de Falco, and Tortora de Falco,
preprint) technical report)

{ Theorem )

Under any one of these restrictions,
becomes a

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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A generalized polarization

Another characterization of ACCy,

( Theorem )
In with this restriction:
O
is equivalent to the directed acyclicity of
one graph, plus the requirement fid. + flo =1

(Di Donna, Guerrieri and Tortora de Falco, technical report)

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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A generalized polarization

ACCﬁW in LLpol

Every proof-structure of LL,, satisfies
the geometric restriction. Thus:

{ Corollary )

In LL,,;, the property is:

o A :

e Equivalent to the criterion in (Laurent, 1999).

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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A generalized polarization

The (new) value fragment

Fragment of PMELL:

(Di Donna, Guerrieri and Tortora de Falco, technical report)

P:=X|1|P®QP|IO|IN (positives)
Ox=P|OBN|NZO (outputs)
Nao=X"| L|NZ®N|?I|?P (negatives)
[:==N|I®P|P®I (inputs)

Remark. VMELL contains LL,,; and the counterpart in
MELL of the half-polarized typing system for CBPV.
(Ehrhard, 2016 — Ehrhard and Tasson, 2019)

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 26



Updated Venn diagram

A generalized polarization

Di Donna, Guerrieri, Tortora de Falco

Connectivity and correctness in linear logic proofs
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A generalized polarization

Correctness criterion

Every multiplicative normal proof-structure of
satisfies the geometric restriction. Thus:

« Corollary )

For the multiplicative normal proof-structures
of , the property is:

o A ;

® Equivalent to the directed acyclicity of one
graph, plus the requirement fid. + flo = 1.

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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A generalized polarization

Comparison table

Expressivity ACCyu
A-calculus Bang correctness
_— LL,,; IMELL .
CBN CBRV calculus criterion
LL,or val X X v X
IMELL v v v X vl X
v v v | v X
a vl vl @ @ (emb.) @ (m. norm.)
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Connectivity and the bang calculus

The bang calculus (Ehrhard and Guerrieri, 2016)

Syntax:

to= | Axt] (t)t] t]t

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 30



Connectivity and the bang calculus

The bang calculus (Ehrhard and Guerrieri, 2016)

Syntax:

to= | Axt] (t)t] t]t

Dynamics:

(Axt)s' —¢ t{s/x}
dert' —4t

We define —, := —¢ U —4.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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Connectivity and the bang calculus

The bang fragment

Fragment of VMELL and IMELL:

(Di Donna, Guerrieri and Tortora de Falco, technical report)

O=XI[?I%0|!0 (outputs)
[:==X"10®I1]|7] (inputs)

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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Connectivity and the bang calculus

The bang fragment

Fragment of VMELL and IMELL:

(Di Donna, Guerrieri and Tortora de Falco, technical report)

O=XI[?I%0|!0 (outputs)
[:==X"10®I1]|7] (inputs)

We define |10 — O’ =70+ 2% O’.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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Connectivity and the bang calculus

Church-style typing

Abstractions are annotated: Ax'°t

We define a mapping (', ), with
"=x%x1:104,..., Xk ¢ 1Oy, to an output formula:
o t,(I', %) = Oy

(
(I, 2x'9t) =10 —o t,((I',x : 10), 1);

o i (I t)s) =0 if i, (1) =1,(T,s) — O;
(
(

A term 1 is in the context I if (I',1) €

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 32



Connectivity and the bang calculus

Girard's translations

Translations (-)" and (-)" of simple types into MELL:
X' = X (T= S =IT" 8"
X=X (T=S5)V=IT" — 1§’

(Girard, 1987)

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs
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Connectivity and the bang calculus

Girard's translations

Translations (-)" and (-)" of simple types into MELL:
X' =X (T=S)"=1T" - §"
X' =X (T=8) =IT" - 15"
(Girard, 1987)
Translations (-)* and ()" of A-terms into the bang calculus:
Xt =% (AXxM)* .= Ax M* ((M)N)® == (M™)[N*®

X' =x AXxM)" = (Ax M"Y ((M)N)" == (der M")N"

(Guerrieri and Manzonetto, 2018)
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Connectivity and the bang calculus

Girard's translations

Translations (-)" and (-)" of simple types into MELL:
X' =X (T=S)"=1T" - §"
X' =X (T=S)"=1T" - IS'
(Girard, 1987)
Translations (-)* and ()" of A-terms into the bang calculus:
Xt =% (AXxM)* .= Ax M* ((M)N)® == (M™)[N*®
X' =x (AXxM)" = (AxM" ((M)N)" == (der M")N"
(Guerrieri and Manzonetto, 2018)
If t, denotes the Church-style typing function for the A-calculus:
(T, M?) = (ta (T, M))" (T, M¥) = 1(tA (T, M))*

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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Proof-net = proof-structure of IMELL + ACC.,.



Connectivity and the bang calculus

Back to proof-nets

= proof-structure of IMELL +

Bang = + every input premise
of a %¥/7/e node is a conclusion of a !/?d/? node
+ input conclusions labeled by distinct variables.
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Connectivity and the bang calculus

Back to proof-nets

= proof-structure of IMELL +

Bang = + every input premise
of a %¥/7/e node is a conclusion of a !/?d/? node
+ input conclusions labeled by distinct variables.

We define by induction a function (-)° mapping every
(T, 1) € dom(tp), with ' =x1 : 104, ..., X : 1Oy,
to a bang ().

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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Connectivity and the bang calculus

Translation into proof-nets: abstraction

(I, \x'Os)".

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 36



Connectivity and the bang calculus

Translation into proof-nets: application

201 7

707 - 704+

i

X1 Xk

(T, (t1)tp)" is the axiom normal form of this proof-net.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 37



Connectivity and the bang calculus

Translation into proof-nets: dereliction

.
I

(T, ders)” is the axiom normal form of this proof-net.

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 38



Connectivity and the bang calculus

Translation into proof-nets: bang

-

(Ts)

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 39



Connectivity and the bang calculus

Factorization

A-calculus

Call-by-name / \ Call-by-value
n v
(T=S":=IT" — s" \ / (T= 8V :=IT" — ISV

Bang calculus

!

Proof-nets

O O

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 40



Connectivity and the bang calculus

Simulation

Cut elimination in proof-nets simulates bang reduction:

—( Theorem )—

For every (T',t), (T, s) € dom(ty),
if t —p s, then (I, 1) —* (T, s)".

(Di Donna, Guerrieri and Tortora de Falco, technical report)
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Connectivity and the bang calculus

Characterization of the bang calculus

Let (T, t)° be the multiplicative normal form of (T",t)".

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 42



Connectivity and the bang calculus

Characterization of the bang calculus

Let (T, t)° be the multiplicative normal form of (T",t)".

( Theorem )

Let R be a multiplicative normal bang

with input conclusions of types 7?07, ..., 70
and labelled by x1, ..., xx respectively. Then
there exists a term © such that R = (I, )",
where [':=x; : 1O1, ..., xx : 10y.

(Di Donna, Guerrieri and Tortora de Falco, sketch of proof)
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Thank you for your attention!






A simplified intuitionistic setting

Fragment of IMELL:

O=1|]00|0RI|I®O
[:=1L|IRI|I®O|O0O®I
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Extra material

Correctness in ICOMLL

Theorem. Let R be a cut-free proof-structure of ICOMLL
with no ax node. If R satisfies , then R is

(Di Donna and Tortora de Falco, preprint)
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Extra material

Correctness in ICOMLL

Theorem. Let R be a cut-free proof-structure of ICOMLL
with no ax node. If R satisfies , then R is

(Di Donna and Tortora de Falco, preprint)

Corollary. A sequent of ICOMLL is provable if and only if
it has exactly one output formula.
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Extra material

Correctness in ICOMLL

Theorem. Let R be a cut-free proof-structure of ICOMLL
with no ax node. If R satisfies , then R is

(Di Donna and Tortora de Falco, preprint)

Corollary. A sequent of ICOMLL is provable if and only if
it has exactly one output formula.

Thus, provability in ICOMLL is decidable in

In COMLL, provability is NP-complete.
(Lincoln and Winkler, 1994)
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Canonical jumps in ICOMLL

Di Donna, Guerrieri, Tortora de Falco

Connectivity and correctness in linear logic proofs

Extra material
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Extra material

Why ICOMLL?
ax node fixed jump
/}F
A At T 1

proof-structure of ICOMLL

proof-structure of IMLL . - .
with a partial jump function
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Extra material

Why ICOMLL?

ax node fixed jump
/}F
A At T 1

proof-structure of ICOMLL

proof-structure of IMLL . - .
with a partial jump function

We found a solution to the base case (no fixed jumps).
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Extra material

Why ICOMLL?

ax node fixed jump
/}F
A At T 1

proof-structure of ICOMLL

proof-structure of IMLL . - .
with a partial jump function

We found a solution to the base case (no fixed jumps).

Beyond that: work in progress.
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Extra material

Cut elimination: axiom and multiplicatives

j“ n
| 7
M ax Y, ? >4/ empty
mn2 ng ni n2 N3 g
\’ j \ j cut cut
=/
cut
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Cut elimination: dereliction and commutation

n

|
24/
7 2124
cut

n

j

i
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Cut elimination: why not
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? reduction
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Extra material

Necessity of multiplicative normality

A bang that is not (I, t)° for any (T, t):

+/'\/'\?

27X+ 72X+
2XL®IX 77X+ XAt IX®?Xt

w

No contradiction with the previous theorem:
this proof-structure is not multiplicative normal.
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Example of simulation

var

IT, H T+
A !
ITHAxc:IX =Y ITF ((Ayy)a')':1X
N WPy
T (Axc)((Ayy)a’) 1 Y T,
((Ayy)a')®
2yLext 1x Y+ Y
S l l
B P/ R/
XLy 2yt XYL

cut
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Extra material

Example of simulation

- var
T, - IT -
A !
ITHAxc:IX =Y ITF ((Ayy)a')':1X
app sy -
ITE (Axc)((Ayy)a') =Y . -
((Ayy)a')°

vLext X \
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ar

IMyx X ke Y ITH (Ayy)a': X
A

ITHAxc:IX —-Y Tk ((Ayy)a)':1X
P b ——————————— var

ITH (Axe)((Ayy)a)' Y IT,x:XFc:Y




ar

ITH (Ayy)a': X

IT,x: I XkFc:Y
A !
ITHAxc:IX —-Y ITF ((Ayy)a')':1X
P b ——————————— var
T+ (Axc)((Ayy)a') - Y IT,x:IXFc:Y
YL Y
Cd) o @
7yt Xt
{ &



The A-calculus

M:=v| MM ( )
vi=x | AxM (values)

Call-by-name: (Ax M)N g M{N/x}

Call-by-value: (Ax MJv =g, M{v/x}
(Plotkin, 1975)
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The A-calculus

M:=v| MM ( )
vi=x | xM (values)
Call-by-name: (Ax M)N g M{N/x}

Call-by-value: (Ax MJv =g, M{v/x}
(Plotkin, 1975)

For r € {3, B.}, we write —,
for the contextual closure of .
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Extra material

Discarding a resource

Call-by-name
We can discard the argument without evaluating it first:

Ax ¢ g C
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Extra material

Discarding a resource
Call-by-name
We can discard the argument without evaluating it first:

(Axc)(Ayyla—pc

Call-by-value
Only values can be discarded.
We have to evaluate the argument first:

(Axc)(Ayyla —p, (Axc)a
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Extra material

Discarding a resource

Call-by-name
We can discard the argument without evaluating it first:

(Axc)(Ayyla—pc

Call-by-value
Only values can be discarded.

We have to evaluate the argument first:
(Axc)(Ayy)a —p, (Axcla
=g, C
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Extra material

Duplicating a resource

Call-by-name
We can duplicate the argument without evaluating it first:
Ax ((f)x)x —p ((f) )
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Extra material

Duplicating a resource

Call-by-name
We can duplicate the argument without evaluating it first:

(A ((F)x)x)(Ayy)a —p ((f)Ayyla)(Ayyla
—p, ((fla)(Ayy)a
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Extra material

Duplicating a resource

Call-by-name
We can duplicate the argument without evaluating it first:

(A ((F)x)x)(Ayy)a —p ((f)(Ayy)la)(Ayy)a
—p, ((fla)(Ayyla
—p, ((fla)a
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Extra material

Duplicating a resource

Call-by-name
We can duplicate the argument without evaluating it first:
(M ((Fx)x)(Ay y)a —p (()(Ayyla)(Adyy)a
—p, ((fla)(Ayy)a
—p, ((fla)a
Call-by-value

Only values can be duplicated.
We have to evaluate the argument first:

(Ax ((F)x)x)(Ayyla —p, (Ax ((f)x)x)a
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Extra mater

Duplicating a resource

Call-by-name
We can duplicate the argument without evaluating it first:

(Ax ((f)x)x)(Ayy)a —p ((f)(Ayyla)(Ayy)a
—p, ((fla)(Ayy)a
—p, ((fla)a
Call-by-value

Only values can be duplicated.
We have to evaluate the argument first:

(Ax ((F)x)x)(Ayyla —p, (Ax ((f)x)x)a
—p, ((fla)a
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Extra material

Call-by-name A-calculus — bang calculus: translation

(Axc)(Ayyla)® = ((Axc)") (((Ayy)a)”
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Extra material

Call-by-name A-calculus — bang calculus: translation

(Axc)(Ayy)a)® = ((Axc)") (((Ayy)a)*
= (M) [((Ayy)a)®
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Extra material

Call-by-name A-calculus — bang calculus: translation

(Axc)(Ayy)a)” = ((Axc)) (((Ayy)a)*
= (M) [((Ayy)a)®
= (M) ((Ayy)a)®

Di Donna, Guerrieri, Tortora de Falco Connectivity and correctness in linear logic proofs 59



(Axc)(Ayyla)® =

onna, Guerrieri, Tortora de Falco

(Axcn> (Ayy)a
Axc”)(((Ayy)a )n
)\xc> ((Ay )"
= (M c)(((Ayy

o~ o~ o~

yla
)%)la
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((Axc)(Ayy)a

onna, Guerrieri, Tortora de Falco

= ((Mxc)")(((Ayy)a
= (M) [((Ayyla )n
= (Axc)(((Ayy)a )
= (Axc)[{(Ayy)”
= (Ax¢)[{(Ayy")

n

)la
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Call-by-name A-calculus — bang calculus: simulation

The call-by-name reduction step:
AXx ¢ —p C
is simulated by the bang reduction step:

AX C —p C
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Extra material

Call-by-value A-calculus — bang calculus: translation

((Axc)(Ayyla)” = (der(Axc))((Ay y)a)’
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Extra material

Call-by-value A-calculus — bang calculus: translation

(Axc)(Ayy)a)” = (der(Axc)") ((Ayy)a)”
(der(Axc”) ) ((Ayy)a)’
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Extra material

Call-by-value A-calculus — bang calculus: translation
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Extra material
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Extra material

Call-by-value A-calculus — bang calculus: simulation

Bang reduction simulates call-by-value reduction:

(Axc)(Ayyla —p, (Axc)a

(der(Axc')')(derAyy'))a' —p (der(Axc)) (Ayy')d
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Extra material

Call-by-value A-calculus — bang calculus: simulation

Bang reduction simulates call-by-value reduction:

(Axc)(Ayy)a —p, (Axcla
=g, C

v

(der(Ax c')'){der(Ayy')'Ya' —p (der(Axc) ) (Ayy')a
—p (der(Axc'))a'
—p (Axc'ha
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